In 1960, J. Peetre proved the finiteness of the order of linear local operators. Later on, J. Slovák vastly generalized this theorem, proving the finiteness of the order of a broad class of (non-linear) local operators.
Introduction
In 1960, J. Peetre proved a celebrated theorem on the finiteness of the order of linear local operators ( [8] ). Let us briefly recall the statement of this result.
Let X be a smooth manifold and let E,Ē → X be vector bundles over it. Let Diff On the other hand, let E,Ē be the sheaves of smooth sections of E,Ē. A morphism of sheaves φ : E →Ē is R-linear if φ(λs + µs ′ ) = λφ(s) + µφ(s ′ ), for any real numbers λ, µ and any sections s, s ′ defined on any open set.
A linear differential operator P : E Ē defines a linear morphism of sheaves:
Theorem (Peetre, [8] ). The map P → φ P defines a bijection:
where Hom R (E,Ē) stands for the set of linear morphisms of sheaves, and Diff R (E,Ē) for that of global sections of the sheaf of linear differential operators.
Later on, Cahen, De Wilde and Gutt ( [1] ) proved a multilinear version of this result in the course of their investigations on Hochschild cohomology of smooth manifolds. But it was in [9] that J. Slovák, in the context of the theory of natural bundles, vastly generalized Peetre's theorem, proving the finiteness of the order of a broad class of (non-linear) local operators. Since then, other authors ( [2] , [12] ) have found various classes of local operators for which different finiteness properties apply. Nevertheless, all these non-linear Peetre theorems remain rather technical, whereas, as Slovák himself pointed out ( [10] , Section 1.3), a weaker statement was enough for many of the applications.
In this paper, following Slovák's ideas, we give a complete proof of a simple version of this Peetre-Slovák's theorem, whose level of generality is enough for the main applications in the theory of natural operations (see recent work in [5] , [6] , [7] , and compare to those in [4] , [10] ), as well as for those in the geometric theory of variational calculus ( [3] ).
To be precise, let F,F → X be fibre bundles over a smooth manifold X. A (possibly non-linear) differential operator between them is a "smooth" map P : JF →F over X. Here, JF denotes the space of ∞-jets of F , endowed with the smooth structure that inherits as the inverse limit, in the category of ringed spaces, of the sequence of k-jet prolongations (see details in Section 1.1).
On the other hand, let F ,F be the sheaves of smooth sections of F andF . A morphism of sheaves φ : F →F is regular if it maps smooth families of sections of F into smooth families of sections ofF .
As an example, any differential operator P : JF →F defines a regular morphism of sheaves:
This paper is devoted to the proof of the following result (compare with [9] ):
Theorem 3.1. The map P → φ P defines a bijection:
where Hom reg (F ,F) stands for the set of regular morphisms of sheaves and Diff(F,F ) for that of differential operators.
In the first Section, we review the smooth structure of the space of jets, as well as the statement of Whitney's Extension Theorem, that will be used in the subsequent proof. The second Section is devoted to the proof of some technical results, of independent interest, and the key Lemma 2.4. The end of the proof of Theorem 3.1 in accomplished in the third Section.
Preliminaries

The ringed space of jets
Let F → X be a fibre bundle. Its jet prolongations produce a sequence of smooth maps:
The ∞-jet prolongation JF is intuitively defined as the inverse limit of this sequence. As the category of smooth manifolds does not posses inverse limits, we will work in the larger category of ringed spaces: Definition 1.1. A ringed space is a pair (X, O X ), where X is a topological space and O X is a sub-algebra of the sheaf of real-valued continuous functions on X.
A morphism of ringed spaces ϕ :
is a continuous map ϕ : X → Y such that composition with ϕ induces a morphism of sheaves:
The set of morphisms of ringed spaces will be denoted Hom(X, Y ).
As an example, any smooth manifold X is a ringed space, where O X = C ∞ X is the sheaf of smooth real-valued functions. If X and Y are smooth manifolds, a morphism of ringed spaces X → Y is just a smooth map. Definition 1.2. The space of jets, JF , is the ringed space (JF, O J ) defined as follows:
• the underlying topological space is the inverse limit of the topological spaces J k F ; i.e., is the set:
endowed with the minimum topology for which the natural projections π k : JF → J k F are continuous.
• the sheaf of smooth functions is:
so that, locally, every smooth function on JF can be written as h • π k , for some smooth function h on some X k .
With this sheaf O J of smooth functions, the canonical projections
are morphisms of ringed spaces. 
Proof: One inclusion being obvious, let us only check that if ϕ : Y → JF is a continuous map such that π k • ϕ is a morphism of ringed spaces for any k ∈ N, then ϕ is a morphism of ringed spaces. Let f ∈ O J (U) be a smooth function and let y ∈ ϕ −1 (U). On a neighbourhood of ϕ(y),
, and therefore:
Definition 1.3. Let s : X → F be a smooth section. Due to the Universal Property, the k-jet prolongations j k s : X → J k F produce a morphism of ringed spaces,
called the jet prolongation of s. and a smooth map ϕ k : U → Z such that:
Proof: Let ϕ : JF → Z be a continuous map, let x ∈ JF be a point and let (V, z 1 , . . . , z n ) be a coordinate chart around ϕ(z) in Z.
If ϕ is a morphism of ringed spaces, each of the functions
locally factors through some J l F . As they are a finite number, there exists k ∈ N and an open neighbourhood U of x such that all of them, when restricted to U, factor through J k F .
on that neighbourhood, so that ϕ * f is a smooth function on JF and ϕ is a morphism of ringed spaces.
Whitney's Extension Theorem
For any pair of multi-indexes,
let us introduce the following notations:
|I| := r 1 + . . . + r n , I! := r 1 ! . . . r n ! , I + J := (r 1 + r 1 , . . . , r n + r n ) .
Some other standard multi-index notation will be used throughout this Section, without more explicit mention. As an example, the Taylor expansion of a smooth function f on R n at a point a ∈ R n is denoted:
Definition 1.4. A Taylor expansion T a at a point a ∈ R n is an arbitrary series:
A family of Taylor expansions {T a } a∈K on a set K ⊂ R n defines functions:
Let K ⊂ R n be a compact set and consider a family of Taylor expansions {T a } a∈K on the points of K. This Section deals with the question of whether there exists a smooth function
A necessary condition is given by Taylor's Theorem: if f is a smooth function on R n and K ⊂ R n is a compact set, then for any m ∈ N and ǫ > 0, there exists δ > 0 such that:
Whitney's Theorem provides a sufficient condition:
Whitney's Extension Theorem ( [11] ): Let K ⊂ R n be a compact set and let {T a } a∈K be a family of Taylor expansions on K.
There exists f ∈ C ∞ (R n ) such that T a f = T a for any a ∈ K if and only if the following condition (that we will refer to as "Taylor's condition") holds:
For any given I, m ∈ N, and ǫ > 0, there exists δ > 0 such that:
Morphisms of sheaves
This Section is devoted to the proof of Propositions 2.2 and 2.3, regarding arbitrary morphisms of sheaves between sheaves of smooth sections of fibre bundles.
Lemma 2.1. Let K ⊂ R n be the truncated cone on R n defined by the equations:
and let
are smooth functions with the same Taylor expansion at the origin,
Proof: It is enough to argue the case v = 0. To do so, let us check we can apply Whitney's Theorem to the following family of Taylor expansions:
Taylor's condition trivially holds whenever x, y ∈ K 1 or x, y ∈ K 2 . If x ∈ K 1 and y ∈ K 2 (the case where x and y are interchanged is analogous), then:
x , y ≤ y − x . Given I, m, ǫ, the hypothesis T 0 u = 0 implies there exists δ > 0 such that, for any J with |J| ≤ m,
A smaller δ, if necessary, also guarantees |(y −x) J | < 1 whenever x−y < δ and |J| ≤ m.
Therefore, whenever x ∈ K 1 and y ∈ K 2 satisfy x − y ≤ δ,
Proposition 2.2. Let φ : F → F be a morphism of sheaves. For any sections s, s ′ of F defined on a neighbourhood of a point x ∈ X:
Proof: As the statement is local, we can suppose x = 0 is the origin of X = R n and F = R r × R n is trivial. We can also assume F = R × R n is trivial, with one-dimensional fibres.
R n → R r be smooth maps with the same ∞-jet at the origin. Let K = K 1 ∪ K 2 ⊂ R n be a truncated cone as in (2.0.2).
In this situation, Lemma 2.1 proves the existence of smooth functions f 1 , . . . f r on R n such that:
, and, consequently, as φ commutes with restrictions to open sets:
As a consequence, if φ : F → F is a morphism of sheaves, the following map (between sets) is well-defined:
Proposition 2.3. Let φ : F → F be a morphism of sheaves. If s, s ′ are sections of F and x k → x is a sequence converging to a point x ∈ X, then,
Proof: Again, we can suppose X = R n and F = R r × R n , F = R × R n are trivial bundles.
If the statement is not true, taking a subsequence we can assume there exists s, s ′ such that, for any k: j
Let us consider another sequence y k → x such that:
Let us now apply Whitney's Extension Theorem on the compact (x k ) ∪ (y k ) ∪ {0} to the family of jets:
Due to Taylor's Theorem (1.2.1), given I, m, ǫ, there exists δ > 0 such that, for any i = 1, . . . , m and any points a, b in the compact, the condition a − b < δ implies:
A smaller δ, if necessary, also guarantees:
and this allows to invoke Whitney's Theorem:
is just Taylor's condition.
-
and inequality (2.0.7) proves this quantity is less or equal than ǫ y l − x k m .
Therefore, there exists a smooth map f : R n → R r realizing the family of jets (2.0.5). Due to Proposition 2.2, this map f satisfies:
and (2.0.3) contradicts the smoothness of φ(f ).
Regular morphisms of sheaves
Let F → X be a fibre bundle. Given a smooth manifold T , let us denote X T := T × X. Any open set U ⊂ X T can be thought as a family of open sets U t ⊂ X, where U t is the fibre of U → T over t ∈ T .
A family of sections { s t : U t → F } t∈T defines a map:
and {s t } t∈T is said smooth (with respect to the parameters t ∈ T ) precisely when the map s : U → F is smooth: Definition 2.1. A smooth family of sections of F parametrized by T is a section of F with support on an open set U of X T :
be the smooth manifold of polynomial maps f : R n → R r of degree less or equal than k.
The universal family ξ is defined in U = J k F = P ol k (R n , R r ) × R n by the formula:
that is, ξ f : R n = X → F = R r × R n is the section defined by the polynomial f .
Definition 2.2.
A morphism of sheaves φ : F → F is regular if, for any smooth family of sections {s t : U t → F } t∈T , the family {φ(s t ) : U t → F } t∈T is also smooth.
Let φ : F →F be a regular morphism of sheaves. As on any morphism of sheaves (Proposition 2.2), the following map is well-defined:
Lemma 2.4. If φ : F → F is a regular morphism of sheaves, then the map P φ : J ∞ F → F locally factors through some finite jet space. That is, for any j
and a commutative triangle of maps:
Proof: It is a local problem, so we can assume X = R n , F = R r × R n and x = 0. Moreover, we can assume the section s : R n → R r representing the jet j ∞ 0 s is the zero section s = 0.
For each k ∈ N, consider the following neighbourhood of j 3 Slovák's characterization of differential operators Definition 3.1. A differential operator from F toF is a morphism of ringed spaces over X:
P : JF →F .
Any differential operator P : JF →F allows to define a morphism of sheaves:
φ P : F →F , φ P (s)(x) := P (j ∞ x s) .
This morphism of sheaves is regular, for its value on a smooth family of sections s t : U t → F is: φ P (s t ) : (t, x) → (t, P (j
that is also smooth on the parameters t ∈ T .
Theorem 3.1. Let F ,F be the sheaves of smooth sections of two fibre bundles F,F over a smooth manifold X. The map P → φ P establishes a bijection:
where Hom reg (F ,F) and Diff(F,F ) stand for the sets of regular morphisms of sheaves and differential operators, respectively.
Proof: Let φ : F → F be a regular morphism of sheaves. In virtue of Lemma 2.4, any point in J ∞ F has an open neighbourhood V such that the following triangle commutes:
It only rests to check that P k : J k F → F , j k x s → φ(s)(x) is smooth, and, to this end, we can suppose X = R n and F = R r × R n is trivial.
Let ξ be the universal family of k-jets (Example 2.1). The smoothness of P k follows from the regularity of φ, because:
where f : X → F is the only polynomial whose k-jet at x is j k x s.
